A generalized methodology t o p r e d i c t t h e f a t i g u e l i f e and r e l i a b i l i t y o f a r o t a t l n g d i s k such as used f o r a i r c r a f t engine t u r b i n e s and compressors i s advanced. The approach incorporates the computed l i f e o f elemental s t r e s s volumes t o p r e d i c t system l i f e and r e l i a b i l i t y . Disk speed and thermal grad i e n t s as w e l l as design v a r i a b l e s such as d i s k diameter and thickness and b o l t h o l e size, number and l o c a t i o n are considered.
INTRODUCTION

A key t o cost e f f e c t i v e design I s t h e a b i l i t y t o accurately p r e d i c t component l i f e w i t h o u t t h e need f o r extensive t e s t i n g o r f i e l d experience.
Current m i l i t a r y support programs f o r gas t u r b i n e engines depend on l i f e pred i c t i o n methods t o p l a n overhauls and p a r t replacement. E r r o r s i n l i f e pred i c t i o n r e s u l t i n premature p a r t replacement or i n s u f f i c i e n t a v a i l a b i l i t y o f spare p a r t s ( r e f . 1).
L i f e p r e d i c t i o n methods f o r most machine elements are t y p i c a l l y based on y i e l d stresses and f a t i g u e l i m i t i n g stresses. However, i n a d d i t i o n t o t h e component's m a t e r i a l p r o p e r t i e s , proper consideration must be given t o t h e e f f e c t s o f notches, surface condition, component s i z e , r e s i d u a l stress, temperature, duty c y c l e and environmental f a c t o r s . Problems can a l s o a r i s e from l a c k o f r e l i a b l e f a t i g u e data, overly-conservative design f a c t o r s , I n c o n s i s tencies among computer codes, and m i s l n t e r p r e t a t l o n o f t h e a c t u a l design loads.
To compound these d i f f i c u l t i e s , t h e established f a t i g u e l i m i t f o r much o f t h e reported data i s a mean o r average value. T h i s can be i n t e r p r e t e d as meanlng t h a t l i f e i s f i n i t e , even a t t h e f a t i g u e l i m i t i n g s t r e s s ( r e f . 2).
I n aerospace a p p l i c a t i o n s , an engineer must be e s p e c i a l l y cognizant o f s i z e and weight c o n s t r a i n t s which i m p a c t design decisions. While designing a t o r below t h e m a t e r i a l f a t i g u e l i m i t may be d e s i r a b l e i n most i n d u s t r l a l a p p l ications, i n aerospace a p p l i c a t i o n s , It i s almost mandatory t o design f o r a Fellow ASME. * **Ass oc 1 a t e Member ASWE. f i n i t e l i f e a t an acceptable p r o b a b i l i t y of s u r v i v a l . Zaretsky ( r e f . 2) outl i n e d such a methodology based i n p a r t on work o f W. Weibull ( r e f s . 3 and 4) and 6. Lundberg and A. Palmgren ( r e f s . 5 t o 7).
Zaretsky's method ( r e f . 2) i s s i m i l a r i n approach t o t h a t o f Ioannides and H a r r i s ( r e f . 8).
Mahorter, e t a l . ( r e f . l), discuss t h e accuracy o f l i f e p r e d i c t i o n techniques f o r m i l i t a r y t u r b i n e engine components such as compressor and t u r b i n e disks. The development of a 0.794 mm (0.03 i n . ) crack i n any o f t h e c r i t i c a l areas of a d i s k , such as b o l t holes, bore, d o v e t a i l , etc., i s considered t h e end of i t s low cycle f a t i g u e (LCF) l i f e ( r e f . 1 ) . This i s t h e l i f e , Lo.1, a t which t h e m i l i t a r y requires a 99.9 percent p r o b a b i l i t y o f s u r v i v a l o r a 0.1 percent f a i l u r e r a t e . removed f r o m service o r reworked a t t h e i r Lo.1 l i f e ( r e f . 1). The s t a t i st i c a l l y predicted l i v e s f o r b o l t h o l e cracks d i d n o t agree w i t h t h e a n a l y t ic a l l y p r e d i c t e d values. l i f e p r e d i c t i o n s i s not necessarily conservative, and t h a t a p r o b a b i l i s t i c approach i s viable i n l i g h t o f a l l t h e s t a t i s t i c a l v a r i a t i o n s i n t h e design parameters.
Disk retirement p o l i c y requires t h a t t h e d i s k s be
These r e s u l t s imply t h a t a d e t e r m i n i s t i c approach t o These f i v e parameters are; f a t i g u e l i f e , L; m a t e r i a l Weibull slope, e; s t r e s s s t a t e , a; s t r e s s -l i f e exponent, c; and stressed volume, V. I n mathematical form t h i s r e l a t i o n i s expressed as: (1) r e q u i r e s t h a t t h r e e e f f e c t s be addressed. These are:
(1) s t r e s s / l i f e c h a r a c t e r i s t i c s ( 2 ) s t a t i s t i c a l f a i l u r e d i s t r i b u t i o n s ( 3 ) stressed volume v a r i a t i o n s A means i n which t h e s t r e s s -l i f e c h a r a c t e r i s t i c of a m a t e r i a l can be defined i s found.from t h e s t r e s s -l i f e r e l a t i o n general expression where, -C L = AU and where A i s a m a t e r i a l constant. The values o f A and c i n t h i s r e l at i o n can be determined from experimental f a t i g u e data obtained from coupon t e s t s ( r e f . 9 ) .
Rearrangement o f equation ( 2 ) w i l l a l l o w l i f e p r e d i c t i o n a t a c e r t a i n stress s t a t e given knowledge o f a reference s t a t e where t h e s t r e s s and cycles t o f a i l u r e a r e known. The equation gives l i f e Lb a t a known loading as r e l a t e d t o s t a t e a. This equation w i l l a l l o w l i f e estimation given knowledge o f t h e s t r e s s -l i f e exponent c and a reference s t a t e a. 
i o n s from t h i s mean value, a Weibull d i s t r i b u t i o n i s used t o describe t h e f a i l u r e d i s t r i b u t i o n . The Weibull d i s t r i b u t i o n indicates t h e s t a t i s t i c a l p r o b a b i l i t y o f s u r v i v a l o f a given m a t e r i a l o r structure, under a p a r t i c u l a r loading, as a f u n c t i o n o f t h e number o f cycles subjected t o t h a t loading. The determination o f t h e Weibull d i s t r ib u t i o n f o r loading conditions other than those f o r which t e s t data i s a v a i l a b l e
w i l l r e q u i r e knowledge of the Weibull slope and a p o i n t on t h e new Weibull l i n e . The equation o f a l i n e using Weibull coordinates i s :
The s p e c i f i c a t i o n o f m a t e r i a l f a t i g u e c h a r a c t e r i s t i c s cannot be s o l e l y
The m a t e r i a l data obtained f o r ---::: Zo -coy
f o r a s i n g l e body a t constant loading w i t h So and Lo as known reference p o i n t s . A way f o r p r e d i c t i n g t h e l i f e of a general body "au r e l a t e d t o t h e l i f e o f body "bH i s given by:
An important i m p l i c a t i o n o f equation ( 1 ) i s t h a t as t h e volume over which a c r i t i c a l stress i s a c t i n g 1s
The d e r i v a t i o n f o r equation ( 6 ) i s given i s appendix A. This equation i s slmi l a r i n form t o equation ( 5 ) , but also includes t h e e f f e c t o f d i f f e r e n c e s I n stressed volume.
I f n components combine t o form a mechanical system, t h e system r e l l ab i l i t y r e l a t i o n states t h a t :
where Ls i s t h e t o t a l system l i f e and L i i s t h e i t h component's l i f e ( r e f . 2). For t h i s formulation, each component may have a d i f f e r e n t l i f e b u t t h e s u r v i v a b i l i t y i s constant f o r a l l t h e components, and hence for the systen;.
Methodology
The concept o u t l i n e d i n equation ( 7 ) can e a s i l y be extended from a mechanical system o f d i s c r e t e components t o a continuous s t r u c t u r e . This procedure can be used w i t h t h e r e s u l t s o f a f i n i t e element analysis, whereby a complex s t r u c t u r e I s modeled by d i s c r e t e elements. Each element o f t h e model w i l l have a d i s t i n c t volume and load-dependent stress. These elemental chara c t e r l s t i c s can be applied through equatlon ( 7 ) t o determine t h e elements' l i v e s and r e l i a b i l i t i e s and thus, the s t r u c t u r e ' s l i f e and r e l i a b i l i t y . The implementation o f equation ( 7 ) t o determine s t r u c t u r a l l i f e and r e l i a b i l i t y i s shown I n t h e a n a l y s i s methodology flowchart o f f i g u r e 1.
The f i r s t step t o f a t i g u e l i f e determination i s t o model t h e s t r u c t u r e I n t h i s manner, t h e e l ei n t o elemental volumes and stresses. The general g u i d e l i n e s f o r f l n i t e element modeling can be used f o r t h i s s t r u c t u r e modeling. mental stresses and volumes can be used d l r e c t l y w i t h i n equations (6) and (7).
The second step i n t h e f a t i g u e l i f e a n a l y s i s involves s e l e c t i n g a c r i t i c a l element w i t h i n t h e f i n i t e element model based on t h e maximum s t r e s s s t a t e . Because o f t h e f o r m u l a t i o n o f equations (1) t o ( 5 ) , a l l t h e element stresses and volumes a r e n o r m i i z e u W I L I I I C >~~~~ t o the critics! e l e m n t .
(1) Maximum Shear Stress F a i l u r e Theory ( 2 ) Maximum Normal S t r e s s F a i l u r e Theory ( 3 ) Maximum Element S t r a i n Energy Density ( 4 ) Maximum Element Volume
The maximum shear stress should g e n e r a l l y be used i n i d e n t i f y i n g t h e c r i t i c a l element. J u s t i f i c a t i o n i s based on t h e a p p l i c a b i l i t y o f t h e maximum shear stress f a i l u r e theory f o r d u c t i l e m a t e r i a l s . Independent o f t h e selected c r i t e r i a , f o r a l l c a l c u l a t i o n purposes t h e element w i t h maximum c r i t i c a l s t r e s s i s given a r e l a t i v e l i f e of u n i t
ement, q u a l i t a t i v e assessments o f designs changes on s t r u c t u r a l l i f e can be e a s i l y and q u i c k l y made. By s p e c i f y i n g r e l a t i v e l i v e s , only one s e r i e s o f f a t i g u e coupon t e s t s need be run t o e s t a b l i s h t h e necessary Weibull parameters.
RESULTS AND DISCUSSION
S o l i d d i s k
Parametric a n a l y t i c a l studies were conducted t o i n v e s t i g a t e t h e e f f e c t o f varying physica dimensions and speed on the r e l a t i v e l i v e s o f a generic so i d
The phys c a l model o f t h e s o l i d d i s k requires t h a t t h e s t r u c t u r e be The d i s k was modeled
Assuming a s t r e s s -l i f e exponent o f 9 ( r e f s . 8 and 9 ) , t h e e f f e c t of Weibull slope modulus, on l i f e was determined. The r e s u l t s a r e shown i n f i gu r e 3 . Weibull slopes o f 1, 2, and 3.57 a r e equivalent t o exponential, Rayleigh, and normal (Gaussian) d i s t r i b u t i o n s r e s p e c t i v e l y ( r e f . 2). For Weibull slopes of approximately 1.5 o r greater, l i f e i s f a i r l y constant. For Weibull slopes between 1 and 1.5 l i f e increases by approximately 15 percent.
As a r e s u l t , for the remainder of t h e a n a l y s i s t h i s e f f e c t w i l l be considered n e g l i g i b l e .
The e f f e c t o f d i s k diameter on l i f e f o r a speed o f 9000 rpm and a stressl i f e exponent, c, o f 9 i s shown i n f i g u r e 4. increased, both t h e s t r e s s and t h e stress volume increase and l i f e w i l l 
As t h e d i s k diameter i s
6 decrease. The e f f e c t of Weibull slope i s n e g l i g i b l e . The equation f o r t h i s r
As d i s k speed i s increased, stresses w i t h i n t h e d i s k w i l l increase. These s t r e s s increases w i l l cause a decrease i n l i f e . The e f f e c t o f d i s k r o t a t i o n a l speed on L10 l t f e 1; shown i n f l g u r e 6. The equatinn fnr t h e e f f e c t o f speed on l i f e be w r i t t e n as f o l l o w s :
where N i s t h e d i s k speed and KN i s a speed constant equai t o 9000 rpm.
F o r each stressed elemental volume w i t h i n t h e body o f t h e disk, t h e l i f e was det$rmlned using an inverse s t r e s s l i f e r e l a t i o n shown i n equations ( 2 ) and ( 3 ) ; Not a l l m a t e r i a l s w i l l e x h i b i t t h e same s t r e s s -l i f e r e l a t i o n . s t r e s s d l i f e exponent i s generally determined experimentally. c a l c u l a t i o n s , a s t r e s s -l i f e exponent o f 9 was assumed. Using varying values o f c w i t h a reference disk, the e f f e c t o f t h e s t r e s s -l i f e exponent on t h e L10 l i f e o f t h e d i s k was determined. These r e s u l t s a r e shown i n f i g u r e 7. The equation f o r t h e e f f e c t o f t h e s t r e s s -l i f e exponent on d i s k l i f e i s as f 01 1 ows :
The F o r t h e previous Ll 0 -(; ) Os606
A concept f i r s t expanded by Ioannides and H a r r i s ( r e f . 8) was t h e a p p l ic a t i o n o f a f a t i g u e l i m i t i n t h e determination o f t h e l i v e s o f t h e elemental stressed volumes. B a s i c a l l y , t h e concept i s t h a t where t h e shearing s t r e s s i s equal t o o r less than t h e value determined o r assumed f o r t h e f a t i g u e l i m i t , t h e p r o b a b i l i t y o f s u r v i v a l f o r t h a t elemental stressed volume i s 100 percent. I n t h e i r examples, Ioannides and Harris ( r e f . 8) use t h e f o l l o w i n g r e l a t i o n :
L1o -where a i s the operating stress and UL i s t h e f a t i g u e l i m i t i n g s t r e s s a t o r below which no f a i l u r e i s expected t o occur.
The r e l a t i o n represented by equation (12) w i l l r e s u l t i n a s t r e s s -l i f e exponent i n c o n s i s t e n t w i t h equations (2) and ( 3 ) and was n o t used t h e a n a l y s i s reported herein. Instead, equations ( 2 ) 
The e f f e c t o f a r a d i a l temperature d i f f e r e n c e upon t h e o v e r a l l d i s k r e la t i v e l i f e was determined by considering t h e thermal stresses superimposed upon t h e c e n t r i f u g a l d i s k stresses due t o d i s k r o t a t i o n . A steady-state r a d i a l temperature d i s t r i b u t i o n was applied t o a d i s k w i t h a very small c e n t r a l hole. A d i s k w i t h a small c e n t r a l h o l e was considered because t h i s c o n f i g u r a t i o n r e l i e v e d a mathematical s i n g u l a r i t y which occurs f o r isothermal boundary cond i t i o n s upon a s o l i d d i s k . steady-state, one-dimensional heat t r a n s f e r y i e l d s a temperature d i s t r i b u t i o n as: The s o l u t i o n o f t h e heat d i f f u s i o n equation f o r f o r T i and To t h e i n n e r and outer r a d i i temperatures. Assuming t h a t small temperature d i f f e r e n c e s e x i s t (AT < 500 O F ) , an e l a s t i c i t y s o l u t i o n f o r t h e d i s k thermal stresses was used as:
a = rr where T I s the steady-state change i n temperature from t h e i n i t i a l stressf r e e temperature found from equation (14). The t o t a l d i s k stresses due t o both
This method i s o u t l i n e d i n appendix B. The e f f e c t o f various r a d i a l temperature differences on d i s k r e l a t i v e l i f e i s shown i n f i g u r e 9. f o r t h i s thermal e f f e c t i s as follows:
An expression
0.52
L10 [ &)
where AT and using values o f S equal 0.9 and L equal L1o from equations (19) o r (21), t h e c h a r a c t e r i s t i c l i f e disks can be expected t o f a i l , can be determined. Having t h e cha a c t e r i s t l c l i f e , any l i f e a t any given p r o b a b i l i t y o f s u r v i v a l , such as t h e l i f e a t a 99.9 probab!!!ty nf s u r v I v a 1 ; can be determined from equation ( 2 2 ) .
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LB, or t h e l i f e a t which 63.2 percent o f t h e E f f e c t o f B o l t Holes
As discussed by Mahorter, e t a l , ( r e f . 1), f a i l u r e o f t h e d i s k w i l l occur a t t i e -b o l t holes i n the d i s k . This w i l l be t h e c r i t i c a l l o c a t i o n f o r f a i l u r e on a d i s k . Using the f i n i t e element model shown i n f i g u r e 2, t h e e f f e c t on d i s k l i f e o f b o l t hole size, l o c a t i o n , and number were determined. The r e s u l t s o f t h i s analysis a r e shown i n f i g u r e s 9 t o 11. The r e l a t i v e l i v e s shown were normalized r e l a t would appear t h a t a t b o l t holes having a diameter o f l e s s than 10.2 mm (0.4 i n . ) , t h e e f f e c t o f h o l e s i z e i s nominal. e t e r , t h e e f f e c t i s most s i g n i f i c a n t . b o l t holes i n a d i s k should be smaller b u t more numerous i n number.
I t
A t b o l t holes l a r g e r i n diamThis a n a l y s i s would suggest t h a t t h e The e f f e c t o f increasing t h e number o f b o l t holes i s shown i n f i g u r e 11. Increasing t h e number o f holes and keeping t h e h o l e diameter l e s s than 10.2 mm (0.4 i n . ) appear t o have less o f an e f f e c t on l i f e than having fewer holes l a r g e r i n diameter. f a c t o r s f o r equations (19) o r (21). n o t be unexpected since stresses decrease w i t h i n c r e a s i n g distance from t h e center. between 40 and 50 percent of t h e d i s k radius, t h e r e i s an i n v e r s i o n o f t h e trend, t h a t i s , l i f e decreases and then begins t o increase again. I t cannot be determined with reasonable c e r t a i n t y t h a t t h i s i s c o r r e c t o r t h a t t h e f i n i t e element mesh size was properly selected f o r these c a l c u l a t i o n s . y s i s I s required. should be placed a t a great distance from t h e center o f t h e d i s k as i s p r a c t i c a l .
This would
However, the t r e n d i s n o t t o t a l l y convincing since a t a l o c a t i o n Further analHowever, i t can be reasonably concluded t h a t t h e b o l t holes As discussed i n the previous section, t h e e f f e c t o f Weibull slope was considered n e g l i g i b l e f o r t h e s o l i d d i s k w i t h no holes. However, f o r t h e d i s k w i t h b o l t holes, t h e r e appears t o be a s i g n i f i c a n t r e d u c t i o n i n l i f e w i t h increases i n slope. This t r e n d was n o t expected. The s i z e o f t h e f i n i t e e l ement mesh may have c o n t r i b u t e d t o t h i s phenomenon. s i z e was beyond the scope o f t h e present i n v e s t i g a t i o n . 
